Abstract. Let A be an abelian group, B a subgroup of A and let M be an A-module. We show that if A/B is finite, l-torsion and M is a Z[1/l]-module, then the natural maps Hn(A, MB) → Hn(A, MA),
Introduction
For a group G and a G-module M , let M G and M G be the co-invariants and invariants of M with respect to the G-action, i.e. Clearly M G and M G are trivial G-modules and it is easy to see that
where we consider Z as a trivial G-module. Let A be an abelian group and B a subgroup of A. For an A-module M , the natural maps M B → M A and M A → M B of A-modules induce the maps
Our first main theorem claims that these maps are isomorphism if A/B is a finite l-torsion group and M has a Z[1/l]-module structure.
As an application, we study the homology and cohomology group of the general and special linear groups. As our second main theorem we show that if R is a commutative ring and 0 ≤ q ≤ n, then
is an isomorphism if and only if
is an isomorphism. We use this to show that if R is a commutative ring with many units, e.g. a semi-local ring with infinite residue fields, then for any 0 ≤ q ≤ n and any p ≥ 0 we have the isomorphism
A similar results can be proved for cohomology of these groups provided that R * /R * n is finite. The homology of general and special linear groups has important applications in algebraic K-theory [4] , [3] and other areas of Mathematics.
(Co)invariants and (co)homology of groups
For a group G and a G-module M consider the map
Lemma 1.1. Let G be a finite group, R a commutative ring and Mod RG the category of left RG-modules. Let F, F ′ : Mod RG → Mod R be the functors
(ii) If G is abelian, l-torsion and 1/l ∈ R, then F and F ′ are exact.
Proof. Since F is right exact and F ′ is left exact, to prove the claims it is sufficient to prove that α G is an isomorphism. Let N :
Then clearly N • α and α • N coincide with multiplication by |G|. Thus α G is an isomorphism, which proves (i). The proof of (ii) is by induction on the size of G. Let H be a nontrivial cyclic subgroup of G. The map α G coincides with the following composition of maps
Now the claim follows from (i) and the induction step.
The following corollary is well-known. Corollary 1.2. Let G be a group, R a commutative ring, M an RG-module and n ≥ 1.
Proof. Let P • → M and M → I • be projective and injective resolutions of RG-module M , respectively. One can show that
(see [1, III.6, 1.4 and III.6, Exercise 1]). Now the parts (i) and (ii) follow from Lemma 1.1. To prove (iii), we write G as direct limit of its finite subgroups, e.g.
Let G be a finite group, R a commutative ring, M an RGmodule and N an R-module with the trivial G-action. If 1/|G| ∈ R, then for any n ≥ 0,
The same claims are true if G is finite, abelian, l-torsion and 1/l ∈ R.
Proof. First we look at the functor Tor. Since
, the claim is true for n = 0. Let 0 → N n−1 → F → N → 0 be a short exact sequence of R-modules such that F is free. If n ≥ 2, from the long exact sequence, we get the isomorphism Tor
If we continue this process, we will find an R-module N 1 such that
So it is sufficient to proof the theorem for n = 1. From an exact sequence 0 → N 1 → F → N → 0, F free, we obtain the commutative diagram with exact rows
, we obtain the commutative diagram with exact rows 0 −→Tor 
Let H be a normal subgroup of G and let M H → M G and M G → M H be the natural maps of G-modules. The following theorem is our first main result. Theorem 1.5. Let A be an abelian group and B a subgroup of A such that A/B is finite and l-torsion. Let R = Z[1/l] and M be an RA-module. Then for any n ≥ 0,
Proof. By the Universal Coefficient Theorem we have the commutative diagram with exact rows
. From this and Lemma 1.1 we obtain the following diagram with exact rows 
From the exact sequence 1 → B → A → A/B → 1 and the natural map M B → M A , we obtain the morphism of Lyndon/Hochschild-Serre spectral sequences
Now by an easy analysis of the above spectral sequences for any n ≥ 0, we obtain the commutative diagram
Since the action of A on H n (A, M A ) and the action of B on H n (B, M B ) is trivial, E 2 0,n ≃ H n (B, M B ) A and E ′ 2 0,n ≃ H n (B, M A ). Now by the isomorphism (1.1), we have E 2 0,n ≃ E ′ 2 0,n . Therefore the isomorphism H n (A, M B ) ≃ H n (A, M A ) follows from the above commutative diagram. The other isomorphism can be proved in a similar way. In fact, first one should prove that H n (B, M A ) ≃ H n (B, M B ) A and use it to prove the isomorphism H n (A, M A ) ≃ H n (A, M B ), as in above. Corollary 1.6. Let A be an abelian group and B a subgroup of A such that A/B is l-torsion. Let R = Z[1/l] and M be an RA-module. Then for any
Proof. The group A/B can be written as direct limit of its finite subgroups, e.g. A/B = lim
(see Exercise 3 in Chapter V.5 from [1]), we may assume that A/B is finite, which the claim follows from Theorem 1.5.
(Co)homology of special linear groups
In this section we give an application of Theorem 1.5 and Corollary 1.6. Let R be a commutative ring. The conjugate action of R * on SL n (R), given by a.A := diag(a, I n−1 ).A.diag(a −1 , I n−1 ), induces a natural action of R * on H q (SL n (R), Z). Since a n .A = diag(a n , I n−1 ).A.diag(a −n , I n−1 ) = diag(a n−1 , a
Since R * /R * n is an n-torsion group, by Corollary 1.6
If R * /R * n is finite, then by Theorem 1.5
Consider the natural inclusion SL n (R) → SL(R). It is easy to see that the action of R * on H q (SL(R), Z) and H q (SL(R), Z) is trivial. Thus we have the natural maps
Proposition 2.1. Let R be a commutative ring and q ≤ n.
Proof. From the map of extensions 1 −→SL n (R)−→GL n (R)−→R * −→ 1
we get the morphism of Lyndon/Hochschild-Serre spectral sequences
. This gives us a map of filtration
, where p ≥ 0 and q ≤ n. Thus the isomorphism
By induction on q, we prove that for any p ≥ 0,
If q = 0, then the claim is trivial. So let q ≥ 1 and assume that the claim is true for q ≤ n − 1. By induction hypothesis for q ≤ n − 1, E 2 p,q ≃ E ′ 2 p,q . From an easy comparison of the above spectral sequences it follows that for p + q ≤ n and q ≤ n − 1, E 
